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ABSTRACT

A difference method, which for one choice of weights applied to the
differences leads to —>qually welghted least squares polynomial 'its
to equally spaced data, is generalized so that the approximation can
be obtained in terms of polynoumials chosen by the user in the fitting
of equally spaced or unequally spaced data.

FOREWORD

Using Lhis method, an investigaltlon was made into the ballistics
field with particular emphasis on the preperation of bombing tables.
The work was conducted under Task Assignment Number RMMO-42007/2101/
F00809001. Credit is due Richard Hageman, Richard Shannon, Gordon
Barker, and Mrs. Jane H. Martina for their asssistance in the prepara=-
tion of the tables found in Appendix A and the example in Appendix B.

INTRODUCTION

The technique of using differences in making polynomial fits to
discrete date is not new and has been widely discussed in the litera-
ture. However, the method described in this report enables Lhe user
to apply this method using any form of interpolating pclynomial which
best suits his purpose. Also, by changing from ordinary differences,
which are used in working with equally spaced data, to divided differ-
ences, the method can be used for unequally spaced data.

For the convenience of the user Appendix A contains the tabulations of
the multipliers, the weights and the summations of weights through the
4th difference for cqually spaced data containing from 5 to 30 points.
With the modification presented in the text on Page 9 these weights
may be adapted for use with unequally spaced data.

FEQUALLY SPACED DATA

Exact nth Degree Fit to n + 1 Points

Newton, Geuss, and others have given formulas for obtaining an nth
degree it to n + 1 equally spaced pcints (scc reference (a)). Such
formulas have the advantege of being readily available, but the dis-
advantege of not giving the result in the form desired for many appli-
cations. At the expense of additional computation it is possible to
get the interpolating polynomial in the desired form for any applice=
tion.



Suppose this [orm [or Lhe nlh degree polynomisl through n t+ 1 peints
ls

£ = APy + APy + APp + ou0 AP (1)

n"n

P, con be any kth degree polynomiel. The argument used in P can be
the original independent variable, x, or some other argument, say u;
wvhich is & linear function of x.

TC the n + 1 points are subslituted in equation (1), n + 1 equations
in A,, Ay, .. A, are obtalned. Since

APy =0 for J<n , )
A, = A AP .
However,
O'P, = h'p *! (3)

)
vhere P, . 1s the rth derivative of P, with respect to the argument
used, and h is the increment in that argument between successive
points. Equation (2) can then be solved for A, with

o An Ay
A%y, WP, ™

A

n

Then

£ =f - 83a p 4)

v
np n
n

will be a polynomial of degrece n - }.

If the first n values of £ _, ave used it is now possible Lo [find

Aﬂ-lf‘
Myoy = —— “11 , )
ne m=1)
h Pn-l
and
Nelg !
£ et effna g 6)
n-2 n-1  pn-lp th=1) “"l,
n-1
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will be a polynomial of depvec n - 2, The first n « 1 values -0

' .p can be used to find A, _., and so on until all the A's have been
cevaluated. The Newton formula uses Pk's chosen In such a way that
Pnh venishes for the n points used in finding ALy 7, and In_l
vanlsh for the n = 1 points used In Cinding Ay.-, etlc., which is
ideal provided lLhe form obtained for fn 1s convenient for use. TFor
gome purposes it is deslirablc to have Py = x*. It is obvious in
such a case thut the derivatives and integrals may be scen al a
glance if necegsary.

Another pupose might call for the use of the ‘PchebLychev polynomials
on the right hand side of equation (1) If truncation to a lower depgrcc
appears desirablce. Other uses of f; will demand other torms of Py.

Smoothed nth Degree FPit to n + 1 + m Points

Let it be asswred that the function defined by the n + 1 + m values
is

r=f, +e (7)

where ) is an nth degree pelynomial and e is the error of observati -,
or nolse, If a satisfactory method for computing (A$Xll the mean kth

difference, is available and it can be assumed that (&%) will be
sufficiently small for all k, then the approximation of f,

r = A()PO + AlPl + AzPe + o0l t AnPn I

n

can be found.

Since ¢ is involved it will be necessary Lo use n + 1 + m values in
the computation of every mean difference. A, can be found from

V'
Ny .
(&) AN, .-,Ankh“l)n“”) . (8)
/
Iet
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i _ AN .
ln- 1 N Fn AnPn n=1 be
A A _ o
in-ry - 1n-J_ n=1 n=1 _ j;n-z te ’ etc,



Then, for cach Ay,

Finding Mean Differences

i
N Pk
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The welghied wmeann of the lirst ditrrerence

y's can be written
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If equation (10) is written
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and in the form
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comparison of equations (11) and (12) shows that Lhe m'a are minue the
iret differences ol Lhe acl [(-‘waa“a~ N wx‘O]. Given the w's, the m's
con be found and gliven the m'e, the w's can be found. All the
welghted nean first difterences can be found by these forimulas,

There are many ways In which the m's (or w'a) zan be chosen. One

method of making the cholce i3 to minimlize the maximum absolute valuce
m

of — {zec yeference (b)). A choice which ls more consistent with

PR

practice i3 to assume the individual eryors Lo be uncorrelated and to
have equal verlance. With this in mind let the w'sz be chogen in such

a way as to minimize M = & m<, holding W =Xw constant, which will
minimize the variance of (Zy).

Then
-
O, om
AM = 24 [ My mem My 2 oo | dwy
an awl
o oy Mgy
o]
I e t N e F My et dw
[} ~ 2
aw,'g aWQ two
2)
’F LR N
PSS TN ey T——— Q "'!""l Emiremmraveen 't hl,. Acareacam (,". - B S 2
L v dw ow
1 r r
AW = dw, +dw, + ... ddw, =0 . a4)

The requirement for a constralned minimum is met If the renk of Lhe
matrix of the coefficlents of the dw's in equations (13) and (14) is
one. Therefore, the coerficients of the dw'a in equation (13) are ull
equal. TFrom equations (11) and (12) each of these coefficients is a
constant times a [irst difference of the w's. The m's, in turn, are
mirus the rirst differences of the set

[ow MooV 0]
o that this set has a constant second difference and the w functicon

s a quadratic with two known zeros.

5}



The weighled mean of Lthe sccond dillerence can be wrillen
— —_— — -
1 C ¢ ¢ ovoo., . C
- 1 c o o . ¢
1 -2 1 o ¢ .., G Yo
O - } Y - . I
U 1 1 \ yl
N 1 [ - . J ' . f . . v e R . R
(‘)\ .Y)* - L("ULW:J_..oW‘.__l(lO . . f . . [ . . .
pRY . . e e . . .
0 O O 0 0 ..1 <2 1 Y.
Q 0 C ¢ 0 ..C 1 =2
0 0 0O 0 0 ..0 0 1 L_

ar

(&%y) - 2 (moyo +myyy *mpys + es mye) (18)
W

T™he m's are the second differences of the set

[(’\O\svlw;,. W 100]

and minimizing § »n® with £ w held constant leads Lo the requirement
that the w function be a fourth degree polynomial with four known

LeY0s5.,

In Cinding the mean kLlh difference, (Z\T{y), the m's will be (-1)k
times the kLh difterence of' Lhe set

00, . 0w Wy Wy 40l 00)

having k zeros at each end. The requirement that S m” be a minimum
with ¥ v held constunt leads to a 2kth degree polynomial with 2k known

zeros for Lhe w Muncoion.

€



The ith weight in getting the mean kth difference from r + 1
points can thus be written

s .
kel*1 r +1e1
k £owy ’ (16)
k k
where p is some aybitrary cconstant. The weights given in Table 2 in
Appendix A were obtained by using equation (16). It is seen from the
equation that for k = 0, p wy = 1 for all i.

Since the m's for finding the mean kth difference soatisfy a kth degree
polynomial and since the (k + j)th difierence of a kth degree poly-
nomial is zero for j > 0, the m polynomials are orthogonal over an
equally spaced set with equal weighting and are iderntical, except

for an arbitrary multiplier, with ortncgzonel poiynomials for egual
spacing and equal weighting discussed on pages 287 = 291 of refer-
ence (a) and given on pages 375 ~ 381 oi reference (c). The use of
equation (16) in finding the mean kth difference thus leads to an
equally weighted least squares polynomial fit of equelly spaced data
for all possible choices of the Py's in equation (1),

The results obtained using the w polynomials of equation (18) and the
resulting m polynomials for the Py's in equation (1) are, of zourse,
very familiar. The use of the w's to fit in terms of general P, 's and
the modification of the w's for fitting unequally spaced data are not
so familiar. More general methods for choosing the w's and m's may
well be a rewsrding field tor further study.

UNEQUALLY SPACED DATA

Exact nth Degree Fit to n + 1 Points

The method for equally spaced data may be modified for use with
unequealily spaced data by using divided differences instead of ordinary
differences.

Thus, if

f,=AP +AP +tAP + ... +tAP (1)

flug, w, voouy) = AP lu, CIPRY u,l Qv

l’




where

f(ug)

f[uo, Uy -ve U ) =
(o = uy) ... (ug = uy)l

r{uy)

- u_)

(ul - ) ... (ul n

(uy)

)

(un - uo) - (un - v,

for any positive integer n, is the nth divided difference defined in
reference (a).

Ir

P.(u) =B, +Bju +Bu® + ... +Bu" ,

the nth divided difference of P,(u) is

1 =
Pn[uo, U, u, ..ol B .

So that, except for the arithmetic required in the computation of
f[uo, u;, u ul, A is easily found from equation (17).

By e U
The finding of fn_l, fhon? 002 and An_l, An_e, ... follows a path
parallel to that described for equally spaced data.

Smoothed nth Degree Fit ton + 1 + m Points

Iet
(&)
be the mean kth divided difference of f. Then equation (9) can be
rewritten
1§:tk .
Ak = " ( LB)
& Pk

and the problem of fitting is then solved if a satisfactory way can
be found for finding the mean kth divided difference.

8
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I'inding Mean Divided Differences

The mean kth divided difference can be found from
@y A o gl 1w
A < 1 Uy, Uy, oes Wy

» W

o

2 f[ul, Usy eoe uk+l} + ...% ., (19)

The optimum choice of the w's is a more difficult problem than was the
choice of the w's in the case of equally spaced data. A possible
choice is to take

wy = (e - ug) vy
Wp = (Uggy ~ Uy) Wp

. .
. .

107 (Wgegggy = Yegd Wy

the w's being those chosen for finding the mean kth difference for
cqually spaced data. For t'inding the differences when k - O, choose

w = 1
1 -

This will approach the cquallv sraced fitting as the intervals

become more nearly equal and may be expected to give reasonable
results in other cases.

It should be mentioned that the interesting difference relation
between the w's and m's, and the resulting generation of the m poly-
nomials, for equally spaced data does not hold true for the w's and
m's used with unequally spaced data involving divided differences.

Given in Appendix B is an example using tnis divided difference
technique in smoothing y = sin x over a non-constant data interval.

REFERENCES
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(b) NWL Technical Memorandwn No. K~-12/61, Smoothing and Differentia-
tion ¢f Tracking Data Taken Across Separation Impulse, May 1961

{c) Milne, W. B., Numerical Calculus, Princeton University Press, 1949
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TABLE 1

MULTIPLIERS FOR EQUALLY SPACED DATA

5 POINDS
i m{0) m(l) m(2) m(3) m(4)
0 1 -2 2 -1 1
1 1 -1 «1 2 -4
2 1 0 .2 0 6
3 1 1 -1 -2 -4
4 1 2 2 1 1
Tw 5 10 7 2 1
S (m)® 5 10 14 10 70
6 POINTS
i m(0) m(L) m(2) n(3) n(4)
0 1 w5 5 -5 1
1 1 -3 -1 7 -3
2 1 -1 -4 4 2
3 1 1 ~d -4 2
4 1 3 «1 -7 -3
5 1 $ 5 5 1
Tw 6 35 28 18 2
L(m?2 6 70 84 180 28
1

o —————— 3



TABLE 1 (Continued)

7 POINTS
4

i m(0) m(1l) m(2) m(3) m(4)
0 1 -3 5 -1 3
1 1 -2 0 1 -7
2 1 ~1 -3 3 1
3 i 0 -4 0 6
4 1 1 -3 «1 1
5 1 2 0 -1 -7
6 1 3 5 1 3

Hw 7 28 42 6 11

Lm)? 7 28 84 6 154

8 POINTS
i m(0) m(1) m(2) m(3) m(4)
0 1 -7 7 «? 7
1 1 -5 i 8 =13
2 1 -3 o2 7 -3
2 1 -1 -5 3 9
4 1 1 -5 -3 9
5 1 3 -3 -7 -3
6 1 5 1 -5 -13
7 1 7 7 7 7

)% 8 84 84 66 44

)2 8 168 168 264 616

2



T e - e —————— e s =

. TABLE 1 (Continued)

9 POINTB
*

1 m) mQ) ne) m{3) ms)
0 1 “d 28 »1ld 14
1 1 -3 T 7 =21
2 1 »2 «b 13 -11
3 1 al «17 9 9
4 1 0 «20 o - 18
5 1 1 «l? "$ ¢
6 1 2 Y| “13 ~11
7 1 3 7 w? -2
8 1 4 28 14 14

Sw 9 60 462 108 143

& ()2 9 60 2772 990 2002

10 pornrs
1 m() m(L) m@) . mE) m ()
0 1 ] 6 =42 18
1 1 «T g 14 -22
2 b «5 N 35 «7
3 1 ~3 «3 31 3
4 1 al -4 12 18
5 1 1 ws «12 18
6 1 3 “3 31 3
7 1 5 el 35 -l?
8 1 7 2 ~14 .22
9 1 9 6 42 18

v 10 165 132 858 286

YA 10 330 132 8580 2860




TABLE 1 (Continued)

11 POINTS
i n®) mQl) m@) m@) m@)
) 1 “5 15 -30 6
1 1 -4 6 6 -6
2 1 -3 -1 22 «5
3 1 -2 -6 23 -1
4 1 wl -9 14 4
5 1 0 «10 0 6
6 1 1 -9 -14 4
7 1 2 -6 P3 -l
8 1 3 “l -22 =6
9 1l 4 6 -6 -6
10 1 5 15 30 6
T w 11 110 429 858 143
% (m)2 11 110 856 4290 286
12 POINTS
1 m{0) m{1) m(2) m(3) m{4)
0 1 ~11 55 «33 33
1 1 -9 25 3 -27
2 1 -7 1 21 -33
3 1 “5 wl? 25 «13
4 1 -3 -29 19 12
5 1 w1 «35 7 26
6 1 1 ~35 -7 20
7 1 3 -29 -19 12
8 1 5 217 -25 -13
9 1 7 1 -21 -33
10 1 9 25 -3 -27
11 1 11 85 33 33
Lw 12 266 2002 1287 1144
¥ m)? 12 572 12,012 5148 8008




TABLE 1 (Continued)

13 POINTS
i m(0) m(1) m2) m(3) m(4)
0 1 -6 22 -11 99
1 1 -5 11 0 -66
2 1 -4 2 6 -96
3 1 -3 w5 8 ~54
4 1 -2 ~10 7 11
5 1 -1 -13 4 64
6 1 0 ~14 ) 84
7 1 1 -13 -d 64
8 1 2 «10 -7 11
9 1 3 -5 -8 =54
10 1 4 2 -6 -96
1l 1 5 11 0 -66
12 1 6 22 11 99
oW 13 182 1001 572 4862
Y.m)® 13 182 2002 572 68,068

5




b——— . — .. - e e - — - ——

TABLE 1 (Continued)

14 POINIS
i m(o) m(l) n(@) () m(4)
0 1 13 13 _d 143
1 1 -11 7 ~11 w77
2 1 -9 2 GG -152
3 1 -7 -2 G -92
1 1 -5 -5 15 «13
5 1 -3 -7 G7 63
6 | 1 -1 -8 24 108
7 : 1 1 -8 -24 108
8 l 1 3 -7 -G7 63
9 { 1 5 -5 -35 =13
10 : 1 7 -2 -98 -92
11 ; 1 9 2 -G6 “152
1 : 1 11 7 11 w77
13 1 13 13 143 143

|
v i 14 455 728 7124 9724
ey 14 910 728 9724 136,136
¥)




TABLE 1 {Continued)

€ m—— gy

15 POINDS
i m(0) m{l) m(2) mn{3) m{4)
0 1 ~7 o1 ~91 1001
1 1 -6 52 .13 «429
2 1 -5 19 35 - 069
3 1 4 -8 58 - 704
4 1 3 ~29 61 “249
5 1 “2 ~44 49 251
8 1 ~1 «53 27 a1
7 1 0 ~56 o 756
8 1 1 “53 -27 621
9 1 2 =44 -49 251
10 1 3 -29 61 ~249
11 1 4 -8 -56 -704
12 1 5 19 -35 -869
13 1 6 52 13 -429
14 1 1 91 91 1001
Tw 18 280 6168 7956 92,578
¥ )? 15 280 37,128 39,780 6,466,460



TABLE 1 (Continued)

16 POINDS
i m(0) m(1) m(2) m(3) m{4)
o 1 -15 35 «455 1365
1 1 =13 2] w91 -455
2 1 ~11 9 143 «1105
3 1 -9 -1 267 -1005
4 1 -7 -9 301 «508
5 1 -5 =15 265 115
6 1 -3 «19 179 645
7 1 -1 -21 63 945
8 1 1 -21 -63 945
9 1 3 =19 <179 645
10 1 5 15 -265 115
1l 1 ? -9 ~301 -505
12 1 9 -1 -267 -1005
13 1 11 9 ~143 «1105
14 1 13 21 51 - 455
15 1 15 35 455 1365
Tw 16 680 2856 50, 388 167,960
o2 16 1360 5112 1,007,760 11,757,200




TABLE 1 (Continued)

17 POINTS
1 n(0) n(1) m) m{3) m(4)
0 1 -8 40 -28 52
1 1 -7 25 -7 -13
2 i} -6 12 7 -39
3 1 -5 L 15 «39
4 1 -4 -8 8 -24
5 1 -3 -15 17 -3
€ 1 -2 -20 13 17
7 1 -1 -03 7 31
8 1 0 -24 0 36
9 1 1 -25 -7 31
10 1 2 =20 -13 17
11 1 3 -15 ~17 -3
12 1 4 -8 -18 ~24
13 1 5 1 -15 -39
14 1 6 12 ~7 -39
15 1 7 25 7 -13
16 1 8 40 28 52

v 17 408 3876 3876 8398

T m)? 17 408 7752 3876 16,796

9
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TABLE 1 (Continued)

C e e e ————— -

18 POINTS
1 m(0) m(l) m@) m(3) mi4)
0 1 .17 68 -68 68
1 1 -15 44 -20 12
2 1 «13 23 13 47
3 1 =11 5 33 “51
4 1 9 10 42 ~36
5 1 <7 -22 42 .12
6 1 -5 -31 35 13
7 1 -3 ~37 23 33
8 1 W1 =40 8 a4
9 1 1 ~40 -8 a4
10 1 3 -37 -23 33
11 1 5 -31 35 13
12 1 7 .22 .42 ~12
13 1 9 =10 42 -36
14 1 11 5 -33 ~51
15 1 13 23 -13 -47
16 1 15 44 20 ~12
17 1 17 68 68 58
T 18 969 7752 11,628 14,212
2 ()2 16 1938 23,256 23,256 28,424
10



TABLE 1 (Continued)

19 POINTS
i m{C) m(1) n(2) m(3) m{4)
o . 1 -9 51 -204 612
2 1 -8 34 ~6R ~68
2 2 -7 19 28 -388
3 1 -6 8 89 -453
4 1 -5 -5 120 -354
5 1 -4 ~14 126 -168
6 1 -3 -21 112 42
7. 1 -2 -26 83 207
8 1 -1 29 44 352
9 2 0 30 0 396
10 1 1 -29 -44 352
12 1 2 “26 -83 227
12 1 3 -21 ~112 42
13 1 4 -14 ~126 ~168
14 1 5 -5 =120 -354
15 1 6 6 -89 -453
16 1 7 19 -28 -388
17 1 8 34 68 ~68
18 1 9 51 204 612
Tw 19 §7C 6783 42,636 163,438
5 (m)? 19 570 13,566 213,180 2,288,132

11



TABLE 1 (Continued)

20 POINTS
! m (0) m(1) m2) m(3) m(4)
0 1 «19 57 «969 1938
1 1 =17 30 -357 «102
2 1 -15 23 85 «1122
3 1 -13 9 377 =1402
4 1 =11 -3 539 -1187
5 1 -9 -13 591 ~687
6 1 - -21 553 «77
7 1 -5 «27 445 503
8 1 -3 -3 , 287 948
9 1 -1 -35 99 1188
10 1 1 -33 -99 1168
11 1 3 =31 -287 948
12 1 5 27 -445 503
13 1 7 ~21 ~553 -77
14 1 9 -13 «591 -687
15 1 1n -3 =539 «1187
16 1 13 9 -377 ~1402
17 1 15 23 -85 «1122
18 1 17 39 357 ~102
29 i 19 §7 969 1238
Sw 20 1330 8778 . 245,157 653, 752
2 ()2 20 2660 17,656 4,903,140 22,881,320

12



TABLE 1 (Continued)

21 POINTS
i m{0) m(1) n2) n{3) m(4)
o} 1 -10 190 -285 969
1 1 «9 183 -1l4 0
2 1 -8 a2 12 =510
3 1 -7 37 98 -680
4 1 -6 -2 149 =615
5 1 =5 «36 170 =406
6 1 T -4 -62 166 «130
7 1 -3 «83 142 150
8 1 w2 «98 103 385
9 1 -1 «107 54 540
10 1 0 -210 o) 594
11 1 1 «107 »54 540
12 1 2 wDd «103 385
13 1 3 ~88 -142 150
14 1 4 -62 «166 =130
15 1 5 «36 «170 - 4086
16 1 6 P -149 -615
17 1 7 57 -98 -680
18 1 8 82 =12 =510
19 1 Q 1%3 114 o
20 1 10 190 285 969
Tw 21 770 33,840 86,526 408,595
% ()2 21 770 201,894 432,630  5,720,%30

13
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TABLE 1 {Continued)

22 POINTS
i m{0) m(l) n{2) n(3) m(4)
0 1 =21 35 ~133 1197
1 1 -19 25 «57 57
2 1 -17 16 0 =570
3 1 «15 8 40 -810
4 1 «13 1 65 «775
5 1 -11 «5 77 -563
6 1 -9 -10 78 -258
7 1 -7 «14 70 70
8 1 -5 w17 55 365
9 1 -3 «19 35 585
10 1 -1 =20 12 702
11 1 1 -20 «12 702
12 1 3 -19 -35 585
13 1 5 «17 ~55 365
14 1 7 -14 -70 70
15 1 9 «10 «78 -258
16 1 11 -5 -77 -563
17 1 13 1 -65 -775
18 " 15 8 ~40 ~810
19 . 17 18 ) =570
20 1 19 25 57 s7
21 1 21 35 133 1197
Ew 22 1771 7084 48,070 624,910
o )2 22 3542 7084 96,140 8,748,740
14




TABLE 1 (Continued)

23 POINIS
. i m(0) mq1) m(2) m(3) m(4)
o - 1 11 77 -77 1463
1 1 =10 56 35 133
2 1 -9 37 -3 -627
3 1 -8 20 20 ~950
4 1 -7 5 35 -955
5 1 -6 -8 43 747
6 1 -5 -19 45 «417
7 1 -4 -28 42 -42
8 1 -3 -35 35 315
9 1 -2 40 25 605
10 1 1 ~43 13 793
11 1 0 -d4 0 858
12 1 1 »43 .13 793
13 1 2 40 .25 605
14 1 3 ~35 -35 315
15 - 1 4 -28 -42 -4
16 1 5 -19 45 -417
17 1 6 -8 -43 =747
18 1 7 5 35 - 955
19 1 8 20 -20 950
20 1 9 37 = -627
21 1 10 56 35 133
22 1 1 77 77 1463
Lw 23 1012 17,710 32,890 937, 365
& m)e 23 1012 35,420 32,890 13,123,110

b
[0,]




TABLE 1 (Continued)

24 POINIS
1 m(0) m(l) m@) m{z) m )
0 1 23 253 -1771 253
1 1 -21 1687 -847 33
2 1 19 127 ~133 -97
5 1 -17 73 391 ~157
4 1 -15 25 745 ~165
5 1 =13 -17 949 -137
6 1 w11 53 1023 -87
7 1 -9 -83 987 .27
) 1 7 «107 861 33
9 1 -5 -125 665 85
10 1 -3 «137 419 123
12 1 ) =143 143 143
12 1 1 -143 ~143 143
13 1 3 -137 «419 123
14 1 5 -125 «665 85
25 1 7 =107 -861 33
16 1 9 -83 -987 ~27
17 1 11 53 1023 ~87
18 1 13 17 ~949 =137
29 1 15 25 «745 ~165
20 1 17 73 ~391 -157
21 1 19 127 133 -97
22 1 21 187 847 33
23 1 23 253 1771 253
v 24 2300 65, 780 888,030 197,340
2 ()2 24 4600 394,660 17,760,600 394,660
16



TABLE 1 (Continued)

25 POLNLS
1 m{0) m(l) mn@) m(3) m{1)
0 1 -12 ) ~506 1518
1 1 ~11 69 -263 253
2 1 10 40 55 w517
3 1 -9 29 93 -897
4 1 -8 2 196 «gr2
° 1 -1 -3 269 ~857
6 1 =B -16 287 - 597
7 1 5 =27 285 «267
8 1 -4 +36 258 78
9 1 =3 “43 211 393
10 1 .2 48 149 643
11 1 -1 51 77 J03
12 1 0 +52 o 858
13 1 1 bl =77 8U3
14 1 2 ~48 <149 643
15 1 3 »43 «211 393
16 1 4 “36 «258 78
17 1 6 «27 ~285 ~267
18 1 6 16 -287 -597
19 1 7 3 <259 ~857
20 1 8 12 -196 ~ 002
21 1 9 29 «93 ~897
22 1 10 48 55 ~517
23 1 11 69 263 253
24 1 12 02 506 1518
pIRY; a5 1300 26, 010 206,010 1,430,715
Em)? 25 1300 53,820 1,480,050 14,307,i5¢




TABLE 1 (Continued)
26 POINDS
i m(o) m(1) m(2) m{3) ma)
0 1 w26 50 « 3450 2530
1 1 -23 39 ~1794 506
2 1 »21 27 %483 - 169
3 1 =19 17 513 ~1419
1 1 <17 8 1224 #1614
S 1 +15 0 1680 21470
6 1 -13 w7 1911 »1099
7 1 #1l «13 1947 «599
8 1 «§ =18 1818 aB4
9 1 7 «22 1664 466
10 1 -5 «26 1183 905
1 1 -3 ~27 741 1221
1 1 - 220 252 1386
13 1 1 «28 ~262 1386
14 1 3 =27 «T41 1221
15 1 6 #2656 <1185 908
16 1 7 »P2 - 1654 166
17 1 0 418 21818 «54
18 1 11 «13 <1947 =599
19 1 13 &7 21911 -1099
20 1 15 0 £1680 ~1470
21 1 17 8 x1224 ~1614
22 1 19 17 %513 «1419
23 1 21 27 483 £759
24 1 23 38 1794 506
25 1 25 50 3450 2530
Tw 26 2925 165380 2,341,170 2,881,430
o(m)? 26 5850 16,380 70,235,100 40,060,020
18



TABLE 1 (Continued)

27 POINTS
i m€0) m(l) m(2) m(3) m(4)
0 1 -13 325 -130 2990
1 1 ~12 250 -70 690
2 1 =11 181 “22 -782
3 1 «10 118 15 ~1587
4 1 -9 61 42 -1872
5 1 -8 10 GO «1770
6 1 -7 «35 70 -1400
7 1 .t -74 73 ~867
8 1 -5 «107 70 2262
9 1 -4 ~134 62 333
10 1 -3 ~155 50 870
11 1 -2 «170 35 :285
12 1 -1 -179 18 1548
13 1 0 162 o) 1638
14 1 1 -179 -18 1548
15 1 2 «270 -35 1285
16 1 3 ~155 «50 870
17 1 4 ~134 -62 330
18 1 5 -107 «70 w262
19 1 6 -74 -73 -867
20 1 7 ~35 70 1400
o 1 8 10 «50 <1770
22 1 9 61 .42 -1872
23 1 10 118 -15 -1587
24 1 11 161 22 -762
25 1 12 250 70 690
26 1 13 205 13C 2990
v 27 1638 118,756 101,790 4,032,015
T )? 27 1638 712,530 101,790 56,448,210

19



TABLE 1 (Continued)

28 POINTS
i m©) mQ) m@®) m(3) m(4)
0 1 .27 117 ~1755 1755
1 1 «25 91 -975 155
2 1 =23 67 =345 ~395
3 1 ~21 15 147 ~879
4 1 «19 25 513 ~1074
5 1 «17 7 765 -1050
6 1 -15 -9 015 -070
7 1 -13 -23 975 -590
8 1 vll =35 957 =259
9 1 ) «45 873 a1
10 1 -7 =53 735 395
11 1 1) ~53 5556 655
12 1 -3 ~63 345 84C
13 1 -1 -68 117 936
14 1 1 -85 -117 936
15 1 3 63 - 345 840
186 1 5 “h9 ~555 655
17 1 7 -53 - 135 395
18 2 9 45 -873 8l
19 1 11 =35 -957 -259
20 1 13 23 -975 ~590
21 1 15 <9 «915 =870
22 1 17 7 -765 -1050
23 1 19 25 -513 -1074
24 : 21 45 ~147 -879
25 1 23 67 345 ~705
26 1 ? n 978 AnE
27 1 27 11 1755 1755
X 28 3054 47,500 1,577,745 2,804,600
E:On)z 23 7308 05,004 10,540,340 19,034,160




TABLE 1 {Continued)

29 FOINTS
i m{d) m(l) m@) n(3) mn’)
0 1 -14 126 -819 4095
1 1 «13 99 -468 1176
2 1 .12 74 -182 - 780
3 1 «11 51 44 1930
4 1 -10 30 215 -2441
5 1 -9 11 336 -2460
6 1 -8 -6 412 -2120
7 1 -7 -21 448 -1540
8 1 -6 -34 449 -825
9 1 -5 -45 420 -66
10 1 -4 -54 366 660
11 1 -3 -61 292 1290
12 1 -2 -66 203 1775
13 1 -1 -69 104 2080
14 1 0 -70 0 2184
15 1 1 -69 ~104 2080
16 1 2 -66 -203 1775
1 1 3 -61 -292 1290
18 1 4 -54 %66 860
19 1 5 -45 =420 -66
20 1 6 -34 -449 -825
21 1 7 -21 -448 -154v
22 1 8 -6 -412 ~2120
23 1 9 11 -336 -2460
24 1 10 30 -215 -2441
25 1 11 51 44 -1930
26 1 12 74 182 - 780
27 1 13 99 468 1170
28 1 14 126 819 4095
Tow 29 2030 56,637 841,464 7,713,420
% m)Z 29 2030 113,274 4,207,320 107,987,880
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TABLE 1 (ontinued)

30 POINTS
1 m(0) m(1) m{2) m(3) m(4)
0 1 -29 203 -1827 23751
1 1 -27 161 ~1071 7371
2 1 -25 122 -450 -3744
3 1 “23 86 46 -10504
4 1 =21 53 427 -13749
5 1 =19 23 703 =14249
6 1 -17 -4 884 «12704
7 1 =15 ~-28 980 -9744
8 bl =13 -49 1001 ~-5929
9 1 =11 -87 957 -1749
10 1 ~9 -82 858 2376
11 1 -7 ~94 714 6069
12 1 -5 «103 535 9131
13 1 -3 -109 331 11271
14 1 -1 -112 112 12376
15 1 1 ~112 -112 12376
16 1 3 =109 -331 11271
17 i 5 -103 =535 9131
18 1 7 -94 -714 6069
19 1 9 -82 -858 2376
20 1 1 -67 -957 -1749
21 1 13 ~49 -1001 -5929
22 1 15 -28 -980 -9744
23 1 17 -4 -884 ~12704
24 1 19 23 -703 -14249
25 1 21 53 -427 ~13749
26 1 23 86 ~46 -10504
217 1 25 122 450 ~3744
28 1 27 161 1071 737]
29 1 29 203 1827 23751
>w 30 4495 100,688 2,136,024 52,451,256
& imy? 30 8990 302,064 21,360,240 3,671,587,920




TABLE 2

WETGHTS FOR EQUALLY SFACED DATA

5 POINDS 6 POINTS

k=1 k=2 k=3 k=4] k=1 k=2 k=3 k =4
i owy oWy oWy oW, | ovy vy ov,y ov 4 i
1 2 2 1 1 5 S 5 1 1
2 3 3 1 8 9 8 1 2
3 3 2 9 9 5 3
4 2 8 5 4
5 ' 5 5
8

Sw 10 7 2 1] 35 28 18 2

7 POINTS 8 POINTS

k=1 k=2 k= k=4 | k=1 k=2 k=3 k=4
i pwy oWy oW 4 owe | ow, owy ov pwy i
1 3 [ 1 3 7 7 7 7 1
2 5 10 2 sl 1 15 16 5 2
3 6 12 2 31 15 20 20 5 2
4 6 10 1 16 20 16 7 4
5 [ 5 15 15 7 5
6 3 12 7 6
7 7 7
a

Tw 28 42 6 11} 84 84 66 44



TABLE 2 (Continued)

9 POINTS 10 POINTS
k=1 k=2 k=3 k=4 | k=1 k=2 k=3 k=

i nwy oWy oWy pwy § AWy oWy oWy Wy i
1 4 28 14 14 9 6 42 18 1
2 7 63 35 35F 16 14 112 50 2
3 9 90 50 451 21 21 175 75 03
4 10 100 50 351 24 25 200 5 4
5 10 90 35 14§ 25 25 175 50 &
6 9 63 14 24 2l 112 8 6
7 1 28 21 14 42 7
8 4 16 6 8
9 9 9
10

Zw 80 462 198 143 | 165 132 858 286

11 POINTS 12 POINTS

k=1 k=2 k=3 k=4 | k=1 k=2 k=3 k=4
i pwy owy PWy pwy | pWy oWy oWy pwy 1
1 5 15 30 6] 11 55 33 33 1
2 9 36 84 181 20 135 96 105 2
3 12 56 140 301 27 216 168 189 3
4 14 70 175 35 32 280 224 245 4
5 15 75 175 301 35 315 245 245 5
6 i5 70 140 18 36 315 224 189 6
7 14 56 84 6 35 280 168 108 7
8 12 36 30 32 216 96 33 8
9 9 i5 27 ~356 33 9
10 5 20 1) 10
11 11 11
12

Lw 110 429 858 143§ 286 2002 1287 1144




TABLE 2 {(Continued)

13 POINTS 14 POINTS

k=1 k=2 k= k=4 | k=1 k =@ K =3 k=4
1 6 22 11 99| 13 13 143 143 1
2 11 55 33 330 24 33 440 495 2
3 15 90 60 630 | 33 55 825 990 3
4 18 120 64 882 | 40 75 1200 © 1470 4
5 20 140 98 980 | 45 a0 1470 1764 5
6 21 147 08 g2 ] 48 98 1568 1764 6
7 21 140 84 630 49 08 1470 1470 7
8 20 120 80 330 48 90 1200 990 8
9 18 90 33 g9 | 45 75 a5 495 9
10 15 55 11 40 55 440 143 10
11 11 22 33 33 143 11
12 6 24 13 12
13- 13 13
14

Tw 182 1001 572 40662 ] 455 728 9724 9724

15 POINTS 16 POINIS

k=1 k=2 k=3 k=4{ k= k= k=3 K =4
i pw, v, pwW, oW, | ow, oW, pv ow, i
1 7 91, 91 1001} 15 35 455 1335 1
2 13 234 286 3575 28 91 1456 5005 2
3 18 396 550 7425 39 156 2860 10725 3
4 22 550 825 11550 48 220 4400 17325 4
5 25 675 1050 14700 55 275 5775 23100 S
6 27 756 1176 15876| 60 315 8720 26460 6
7 28 784 1176 14700 63 336 7056 26460 7
8 28 756 1050 11550 64 336 8720 23100 8
9 27 875 825 7425| 63 315 5775 17325 9
10 25 550 550 3575| 60 275 4400 10725 10
11 w0 396 286 1001 S 220 2860 5005 11
12 16 234 91 48 156 1456 1365 12
13 13 9l 39 91 455 13
14 7 28 35 14
15 15 15
16

Tw 280 €188 7956 92,378} 680 2856 50, 386 167,960




TABLE 2 (Continued)

17 POINTS 18 POINTS

K=l k=2 k=3 k=4 | k=1 k=2 k=3 k=4
i oWy Wy PWy owy | pwy PW oW oW ¢ i
1 8 40 28 52 17 68 68 68 1
? 15 105 91 195 32 180 224 260 2
3 21 182 182 429 45 318 455 585 3
4 26 260 286 715 56 455 728 1001 4
S 30 330 385 99C 65 585 1001 1430 5
6 33 285 462 1188 1?2 693 1232 1782 6
1 35 420 504 1260 171 770 1386 1280 7
8 36 432 504 1188 80 810 1440 1980 8
9 36 420 462 990 8l 810 1386 1782 9
10 35 385 385 715 80 770 1232 1430 10
1l 33 330 286 429 77 693 1001 1001 11
12 30 260 182 195 72 585 728 585 12
13 -+ 286 182 91 52 65 4855 455 260 13
14 21 105 28 56 315 224 68 14
15 15 40 45 180 68 15
16 8 32 68 16
17 17 i7
18

Sw 408 3878 5876 8398} 969 7752 11,628 14,212




TABLE 2 (Continued)

19 POINTS 20 POINDS

k=1 k=2 k=3 k=4] k=1 k=2 k=3 k=4
1 owy  pwy oWy PV oY) Py p¥ vy 1
1 9 51 204 612 19 57 969 1838 1
2 17 136 680 2380 36 153 3264 7650 2
3 24 240 1400 54601 81 272 6800 17850 3
4 3 350 2275 9555 64 400 11200 31850 4
S 35 455 3185 14014 75 525 15925 47775 §
] 39 546 4004 18018 84 637 20304 63063 6
7 42 616 4620 20790 91 1728 24024 75075 7
8 44 660 4950 21780 96 792 26400 81675 8
9 45 676 4950 20790 09 825 27225 81675 9
10 45 660 4620 180181 100 825 26400 75075 10
11 44 616 4004 14014 99 792 24024 63063 11
12 42 546 3185 9555 96 728 20384 47775 12
13- 39 455 2275 54601 91 637 15925 31850 13
14 35 350 1400 2380F 84 525 11200 17850 14
15 20 240 680 612 75 400 68CG 7650 15
16 24 1386 204 64 272 3264 1938 16
17 17 51 51 153 969 17
18 g 38 5 18
19 19 19
20

Tw 57 6783 42,636 163,438§1330 8778 245,157 6353, 752
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TABLE 2 (Continued)

21 POINTS 22 POINTS

k=1 k=2 k=3 k=4} k=1 =2 le=3 k=4
i pw, vy oW, ow, | pw, oW, pwW, W, i
1 10 190 285 9691 2l 35 133 1197 1
2 19 513 969 3876] 40 95 456 4645 2
3 27 918 2040 9180y 57 171 969 11628 3
4 3¢ 1380 3400 16660 72 255 1632 £1420 4
5 40 1800 4900 25480 85 340 2380 33320 S
6 45 2205 6370 34398] 96 420 3136 45664 8
7 49 2548 7644 42042} 105 490 3822 57330 7
8 52 2808 8580 47190¢ 112 546 4368 66066 8
8 5¢ 2970 075 49005} 117 585 4719 70785 9
10 55 3025 9075 47190| 120 605 4840 70785 10
11 56 2970 8580 42042] 121 605 4713 66066 11
12 54 2808 7644 34398] 120 585 4368 57320 12
13, 52 2548 6370 254801 117 546 3822 45864 13
14 49  220% 4900 166601 1ll2 490 3136 33320 14
15 45 1800 3400 9180% 105 420 2380 21420 15
16 40 1360 2040 3876] 96 340 1632 11628 16
17 34 918 969 969 85 as5s 969 4845 17
18 27 513 2A85 e i71 456 1187 18
i 19 180 517 95 133 19
20 10 40 35 20
21 2l <1
22

nw 770 33,649 86,526  408,595[1771 7084 48,070 624,910




TABLE 2 (Continued)

2% POINIS 24 POINTS

k=1 k=2 k=3 k=4} k=l ke k=3 k=4
i pwy ot PWy vyl vy oW, oW vy 1
1 11 17 7 1463F 23 253 1771 253 1
2 21 210 266 5985] 44 695 6160 1045 2
3 30 580 570 1453u] 63 1260 13300 2565 3
1 38 S70 969 27132 80 1900 22800 4845 4
S 45 765 1428 42840} 95 2565 33915 1752 5
6 5l 952 1904 59976] 108 3213 45696 11016 6
7 56 1120 adsa 76440] 119 3808 57120 14280 7
8 60 1260 2730 90090{ 128 4320 67200 17160 8
9 83 1365 3003 99099 1386 4725 75075 19305 9
10 65 1430 3146 102248 140 5006 80080 20449 10
11 66 1452 3146 99099| 143 5148 81796 20449 11
12 66 1430 3003 900901 144 5148 80080 19305 12
13 . 65 1365 2730 76440( 143 5005 15075 17160 13
14 63 1260 2352 599781 140 4729 67200 14280 14
15 60 1120 1904 42040] 138 4320 57120 11016 15
16 56 952 1428 27132] 128 3808 45696 7752 16
7 ol 765 969 14535) 119 3213 33915 4845 17
18 45 570 570 59851 108 2565 22800 2868 18
49 36 380 266 1463} 95 1900 13300 1045 19
20 30 210 77 80 1260 6160 283 20
21 2l 17 63 693 1771 2)
_2 1l 44 253 22
23 23 23
24

Zwv 1012 17,710 32,890  937,365]2300 65,780 880,030 197,340



+
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TABLE 2 (Continued)

26 POINTS 26 POINTS
k=1 k=2 k=3 k=4f k=l k£ k=3 k=4

i pw, v, pw v, b vy oW, pv, oV, i
1 12 R2 Go6 1518 26 106 2300 2530 1
2 23 255 1771 6325 40 276 8096 10626 2
3 33 46, 3850 15676 69 506 17710 26565 3
4 42 700 6650 299025 860 770 30800 51205 4
5 80 950 9075 48450¢ 106 1060 ° 46550 83790 5
G 67 1197 13566 69768} 120 1330 65840 122094 6
i 63 1420 17136 9168001 133 1696 81396 162792 1
8 68 1632 20400 112200] 144 1836 g7920 20196C 8
9 72 1800 23100 128700] 163 2040 112200 235620 9
10 75 1826 25028 1394264 180 2200 123200 260260 10
1 77 2002 26026 143143) 166 2310 130130 273273 11
12 76 2028 26026 1394254 168 2356 132496 273273 12
13 . 70 2002 25025 128700 169 2366 130130 260260 13
14 77 1926 23100 1122004 168 2810 123200 235620 14
15 75 1800 20400 91800f 166 2200 112200 201960 15
18 72 1632 17136 69768} 160 2040 97920 162792 16
17 68 14208 13566 48450F 153 1836 81396 122094 17
18 65 1197 9075 200258 144 1894 63840 83790 18
19 57 950 6650 156758 133 1330 46550 51205 19
20 50 700 3850 6325] 120 1050 30800 26565 20
21 42 462 1771 1518} 105 110 17710 10626 21
22 33 253 506 86 Bo6 8096 2830 22
23 23 92 69 276 2300 23
24 12 49 100 24
25 25 25
26

E:w 1300 26,910 la8,00511,430,715 2925 16;380 1,560,7802 1,430,7153

In computing m(3) in Table 1 the weights used where 2 times these
weights.

21In computing m{*) in Table 1 the weights used where 1=1/2 times these
welghts.,

S1n computing m(4) in Table 1 the weights used where 2 times these
welghts,




TABLE 2 (Continued)

27 POINTS 28 POINTS

k=l k=2 k=3 k=a] ksl k=2 k=3 k=4
1 owy oWy PV ouy | PWy pY Pwy pwy 1
1 13 528 130 2990 27 117 585 1755 1
2 25 800 460 12650f 62 325 2080 7475 2
5 36 1656  10l2 51878} 75 600 1600 18975 3
4 46 2530 1771 61985 96 920 8096 37191 4
§ 55 3466 2695 102410 115 1268 12397 61985 5
6 63 4420 3724 1508224 132 1817 17248 92169 ©
7 70 5320 4788 203490} 147 1960 26344 125685 7
8 76 6156 5014 255616 160 2200 27360 159685 8
9 81 6885 6732  302940| 171 2865 31977 191862 9
10 83 7480 7480  340340f 180 2608 35904 216790 10
11 88 7920 8008 5643641 187 2992 30096 c58238 11
12 90 8190 828l 372645} 182 3120 40768 248430 12
13, 91 68281 8281 5643641 185 3185 41405 248430 13
14 91 8190 8008  340340{ 196 3165 40768 2382358 14
15 % 7920 7480  302940| 195 3120 38096 21879C 15
16 88 7480 673z 2B8816] 192 2992 35904 191862 16
17 85 6885  58l4  203490f 187 2805 31977 159785 17
18 8L 6156 4768 150322 180 2565 27360 125685 18
1 76 5226 3724 1024101 171 @oH0 22344 02169 18
g0 70 4410 2695 61985 160 1960 17248 11985 20
21 63 3465 177 31878 147 1617 12397 37191 21
22 585 2630 1012 126501 132 1265 8096 18975 22
2% 46 1656 460 2990] 115 920 4600 7475 23
2¢ 36 900 130 96 600 2080 1755 24
26 25 325 75 325 585 25
26 13 52 137 26
27 2 27
28

2. w 1638 118,755 101,790 4,032,015{3654 47,502 525,915 2,804,880

YIn computing m(3) in Table 1 the welghts used were 3 times thesc weights.



TABLE 2 ( Continued)

29 POINTS S0 POINIS
k=1 k=2 k=3 k=] k=1 k=2 k=3 k=4
1 v,y pw PWy ow | nv, Py PWy oWy i
1 14 126 619 4095 29 203 1827 23751 1
2 27 381 2928 17550 56 567 6552 102375 2
] 39 650 6500 44850 81 1053 14652 283250 3
4 50 1000 11500 885501 104 1625 26000 523250 4
S 60 1380 17710 148764 | 125 2250 40250 a8%s500 S
8 69 1771 24794 223146] 144 2898 58672 1338876 6
7 77 2156 32340 307230] 161 3542 74382 1859550 7
8 84 2520 39900 3250101% 176 4158 92400 2413950 8
9 90 2850 47025 479655] 189 4725 109728 2962575 9
10 95 3135 53295 5342681 200 S225 125400 3461175 10
1l 99 3366 58344 6120612} 209 5643 138567 3879876 1l
12 102 3536 61880 6497iL8 216 8967 148512 4176900 12
13 . 104 3640 63700 66248u% 221 6188 154700 4331600 13
14 1056 3675 63700 6497403 =204 6300 156800 4331600 14
15 JO5 3640 61880 6126121 =25 6300 154700 4176900 15
16 104 3536 58344 554268 224 61868 148512 3879876 16
17 102 3366 53295 479655] 221 5967 130567 3464175 17
18 99. 3138 47025 30501008 228 5643 125400 2062878 18
19 95 2050 39900 507230§ 209 5225 109725 2413950 19
20 90 25620 32340 223146] 200 4738 92400 1859550 20
21 84 2156 24794 148764] 189 4158 14302 1338876 2
22 17 177) 17710 885501 176 3542 56672 885500 22
23 69 1330 11500 448501 161 2898 40250 523280 23
24 GO 1000 6500 175501 144 2250 26000 263250 24
25 50 650 2925 40951 125 1625 14652 1023715 25
26 39 351 819 104 1053 6552 23751 26
27 27 126 81 567 e 27
28 14 56 203 28
29 oY 29
30
T w 2030 56,637 841,464 7,713,420]4495 100,688 2,136,024 52,451,256

10



TABLE 3

r
BINOMIAL comr*cmm'rs( )
. k
k
r+ 1 0 1 2 3 4 5
1 1
2 1 1
3 1 2 1
4 1 3 3 1
5 1 4 6 4 1
6 1 5 10 10 5 1
7 1 6 15 20 15 6
8 1 7 21 35 35 21
9 1 8 28 56 70 56
10 1 9 36 84 126 126
11 1 10 45 120 210 252
12 1 11 55 165 330 462
13 1 12 66 220 435 792
14 1 13 78 286 715 1287
15 1 14 91 364 1001 2002
16 1 15 105 455 1365 3003
17 1 16 120 560 1820 4368
18 1 17 136 680 2380 6188
19 1 18 153 816 3060 8568
20 1 19 171 969 3876 11628
21 1 20 190 1140 4845 15504
22 1 21 210 1330 5985 20349
23 1 22 231 1540 7315 26334
24 1 23 253 1771 8855 33649
25 1 24 276 2024 10626 42504
26 1 25 300 2300 12650 52130
27 1 26 325 2600 14950 65780
28 1 27 351 2925 17550 80730
29 1 28 378 3275 20475 98280
30 1 29 406 3654 23751 118755
31 1 30 435 40860 27405 142506
32 1 31 465 4495 31465 169911
33 1 32 496 4960 35960 201376
34 1 33 528 5456 40920 237336
35 1 34 S€1 5984 46376 278256
36 1 35 595 6545 52360 324632
37 1 36 630 7140 58905 376992
38 1 37 666 7770 66045 435897
39 1 30 703 8436 73815 501942
10 1 39 741 9139 82251 575757

e m— e, —




R APPENDIX B




APPLICATION OF SMOOTHING METHOD TO
SINE CURVE USING UNEQUALLY SPACED PATA

Given

Yy =sinx ,

with *he points unequally spaced over the interval 0 <x <1, use

of the divided difference method described in the text ylelds
results tabulated below. First, let

Y =fn = AcPo + AjPy + APy + .00 + ApPn ,

where, in this case n +1 +m =11, n = 4 and P, = x* .
example u = x .

In this

The weights, w; , are chosen by the following modification of the

weights already calculated for equally spaced data containing 11
points (see Table 2, Anpendix A):

wy = (ug - ug) Wy
wy = Qupyy = uy) o
Wy = Qpgreg = Uae) W1,
so that we have
W w
i k=4 k=3 k=2 k= k=4 k=3 k=2 k=
1 6 30 15 ) 2.28 9.6 3.15 0.40
2 18 84 36 9 7.56 25.2 8.64 1.17
3 30 140 56 12 12.00 40.6 9.52  1.32..
4 35 175 70 14 12.60 S0.75 12.60 0.84
5 30 175 75 15 13.20 52.5 17.25 1.80
6 18 140 70 15 7.74 44.8 12.60 i.65
7 6 &4 56 14 2.54 26.88 11.76 0.98
8 30 36 12 9.6 9.0 1.68
9 15 9 2.70 0.99
10 5 0.35
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Then proceeding with the fit we obtain the results:

X y i‘;a . ﬁg ﬁl 1'30

: (y = Agx®  (By ~ Ax®)  (Bo - A (B - )
0.00 0.00000  0.00000 0.00000 000000 0.00000
0.08 0.07991 0.07991 0.08000 0.07996 0.00002
0.21 0.20846 (.20842 0.21012 0.20986 0.00001
0.32 0.31457 0.31436 0.32038 0.31977 -0.00001
0.38 0.37092  0.37050 0.38058 0.37972 -0.00001
0.50 0.47943 0.47818 0.50115 0.49966 0.00001
0.61 0.57287 0.57011 0.61182 0.60960 0.00003
0.68 0.62879  0.62452 0.68230 0.67954 0.00002
0.82 0.73115 0.72213 0.823¢4 0.81943 0.00000
0.93 0.80162 0.78670 0.93450 0.92935 0.00000
1.00 0.84147 0.82152 1.00527 0.99931 0.00001
A, = 0.01995

A, = 0.00556
A, = 0.99930
A = 0.00001
Therefore

sin x = 0.00001 + 0.,99930 x + 0.00596 xZ - 0.18375 x°

+0.,01995 x* , 0 <x <1 radian .
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NOTE ON INTERPOLATION WITH TCHEBYCHEV POLYNOMIALS

When Tchebychev polynomials are used in equation (1) for the purpose
ol truncating to a lower degree the u should be chosen so as Lo make
the balanced oscillations of T{(u) cccur within the region of interest.
Thus, if accurate results are desired for x; < x < Xy s u should be
chosen so that

u = ~1 for x =x, ,

and

u = 1 for x = Xy

This is particularly important in the process of inverse interpolation.
For example, suppose one is given the following table of values. 'The
problem of finding the solution of f(x) = 0 will obviously involve the
investigation of a neighborhood near x = 1.4.

X S(x)
1.0 -4.0000
1.2 -2.8024
1.4 -0.2484
1.6 4.1216
1.8 10.7136

Linear interpolation using the points (1.4, =0.2464) and (1.6, 4.1218)
gives x = 1.411 as an approximate solution of f(x) = 0. Assume thst
the desired solution lies between x = 1,40 and x = 1.42, and choose
the linear transformation connecting x and u so that u = -1 for

X =1.40 and u = 1 for x = 1.42.

The following table can then be used for determining the A's in equa-
tion (1):

X u T, ) T, ) T, ()
1.0 | -41 | 22,592,641
1.2 21 1,582, 321 -36, 981 8281
1.4 -1 1 ~1 1
1.6 19 1,039,681 27,379 721
1.8 39 18,495,361 237,159




Using these values of Tchebychev polynomials, poinls on successively
lower degree curves, approximating {(x), can be oblained

) X f‘(x) fs “2 = fU il ASTS fl = fe - Aerl‘g
1.0 -4 .0000
1.2 -~2.,8224 -2,8224 -2.73919275
1.4 -0.2464 -0.2464 ~0.24639775 =0,24753125
1.6 4.1216 4,1216 4.05999725 35.24274375
1.8 10.7136 10,7136

ot o=p, 00, 0.0384 = 30,720,000 A,

1.25 x 107° !

Ay

Because of the magnitude of A4 the term A T4(u) is neglected.
ASpg o= Ay &% Ty,  0.432 = 192,000A,
Az = €.00000225
2 - 2 .
&5 f, = A, & T, 1.8136 = 1600A,
A, = 0.0011335

Linear interpolation with f, gives x = 1.414184 as an spproximate
solution of £(x) = 0. This can be used as & firsl approximation for
inverse quadratic interpolation in 5 , and Lhe approximation obtained
from fo can be used for starting inverse cubic interpolation in fg.

In this case

r(x) = x* + 3x% - 2x% - 6x
and
t(x) - ©
for
el x = 42 =2 1.4142]
;o that

1.

AL

has given an excellenl approximaticn of the correct solution.

LIIlIllIlllIllIllIlllllIllIllllllIllIllIllIllIllllllllllllllllllllllllIllIllIllIlllllllllllllllllllllllll




The accuracy of
interval 1.40 <
the A's:
lf = fs‘
If - fgl

ir- £

the various approximations for f£(x) within the
x € 1.42 for direct interpolation can be seen from

<Ayl =1.25 x 107°
<Ayl + Ayl = 1.2 x 1079 + 2.25 x 107°
< lagl + 1agl + A ] = 0.00113575



